[1] We assimilate localized mass anomalies inferred from GRACE ranging measurements into a hydrodynamic model to improve tidal solutions around Antarctica for the M 2 , S 2 , and O 1 constituents. The variational approach used accounts for the spatial averaging of tidal elevations implicit in the mass anomaly parametrization used for the GRACE tidal analysis, as well as spatial correlation of errors in the resulting estimates. The inverse solution shows better agreement with independent station tide measurements around Antarctica, and it reduces cross-over residuals for ICESat laser altimeter data over the Filchner, Ronne and Ross Ice Shelves, demonstrating that GRACE data can provide useful constraints for improving hydrodynamic tidal models at high latitudes.
Introduction
[2] The twin GRACE satellites [Tapley et al., 2004] , in orbit since March 2002, are sensitive detectors of mass changes at scales of a few hundred km and larger. This includes a large part of the the mass motions associated with oceanic tides [Ray et al., 2003] . The gravity effects of tidal and other high-frequency motions must generally be removed from GRACE data to prevent aliasing into lowfrequency (e.g., monthly) estimates of the gravity field. While ocean tide models are routinely used to accomplish this, the models are imperfect and residual tidal effects can be detected in both GRACE intersatellite ranging measurements [Ray et al., 2009] and in GRACE gravity solutions [e.g., Han et al., 2005; Schrama et al., 2007; Moore and King, 2008] . Fortunately, with a sufficiently long time series of GRACE measurements available, such residual tide effects can be exploited to improve models.
[3] In a previous paper [Han et al., 2007] we extracted residual tide solutions (i.e., solutions relative to an adopted prior model) around Antarctica for three major tidal constituents. The solutions were parametrized as localized average mass anomalies over areas approximately 300 2 km 2 . The solutions appear to reveal useful new information about tides in a region not readily amenable to other kinds of measurements. Such long-wavelength tidal solutions are directly applicable to reprocessing GRACE data as well as to related kinds of orbit-determination calculations. They are not, however, of direct benefit to the multitude of other applications of ocean tide models which require higher spatial resolution. The present paper addresses that problem.
[4] In Section 2 we describe a scheme used for assimilating long-wavelength GRACE tide solutions into a numerical hydrodynamic model. This allows adjustment of a prior model at all wavelengths, in a rigorous way that satisfies the GRACE long-wavelength constraints as well as hydrodynamic constraints and other constraints from any other available kinds of data. We apply this technique to an update of our previous GRACE solutions [Han et al., 2007] . In Section 4 we test the new adjusted solutions by using (a) semi-independent station tide measurements and (b) totally independent ICESat crossover data over the major Antarctic ice shelves.
Generalized Inversion of GRACE Solutions
[5] To assimilate GRACE tidal residuals we used the OSU Tidal Inversion Software (OTIS) [Egbert and Erofeeva, 2002] , a relocatable system for variational data assimilation which estimates the tidal state u (elevations and currents) by minimizing, in a weighted least squares sense, misfits to the linear shallow water equations (df = Su À f) and to the observations (dd = d À Lu). This is accomplished using the representer algorithm described by Egbert and Erofeeva [2002] . The scheme is based on the observation that the optimal solution takes the form
where u 0 is the prior tidal solution, and r k are the representers for the observation functionals L k , k = 1, . . . K. Once the representers (elevations and current fields) are computed by solving the forward and adjoint tidal equations (K times each), the vector of coefficients b in (1) can be obtained by solving the K Â K system of equations
where R jk = L j r k and C d is the data error covariance matrix.
[6] Assimilation of the GRACE data required only minor modifications to OTIS, primarily to allow for data functionals (L k ) corresponding to the elevation averages over rectangular domains, consistent with the parametrization of Han et al. [2007] . Because relatively few mass anomaly parameters were estimated in the GRACE tidal analysis (159 rectangular mass anomalies were fit for each constituent), K is small enough to allow computation of all representers. It is then straightforward to directly form and solve (2), allowing use of the full data error covariance, which can be obtained from propagation of errors in the analysis of Han et al. [2007] . We applied this scheme to derive large-scale corrections in the vicinity of Antarctica for TPXO.7.1, a 1 / 4°, fully global inverse tidal model constrained primarily by TOPEX/Poseidon and Jason altimetry data. Bathymetry data for TPXO.7.1, and for the GRACE assimilation, were taken from a combination of Smith and Sandwell [1997] and, south of 56°S, Padman et al. [2002] . The model error covariance, based on the formulation of Egbert and Erofeeva [2002] was tapered to zero north of 55°S, to keep corrections to the global model small outside the area covered by the GRACE tidal solutions of Han et al. [2007] .
[7] For the present study we have updated the GRACE residual tidal mass-anomaly estimates primarily by improved removal of non-tidal signals in the intersatellite range-rate data, and by incorporation of another 12 months of rangerate data, for a total timespan of approximately four years (April 2003 to April 2007 . For removal of variable atmospheric mass effects we used 3-hourly operational weather analysis outputs from the European Centre for Mediumrange Weather Forecasting (ECMWF); for non-tidal ocean mass variations we used 6-hourly outputs from the Toulose Unstructured Grid Ocean Model, run in barotropic mode and forced by 6-hourly ECMWF pressures and winds [Carrère and Lyard, 2003] ; for land hydrology mass variations we used outputs from the Global Land Data Assimilations System [Rodell et al., 2004] ; and finally for mantle glacial rebound we used the ICE-5G (VM2) model of Peltier [2004] . Model TPXO7.1, which we used as the prior for our data assimilation, was also used as the tide model for our GRACE processing.
[8] Of the four major tidal constituents we solved, as before, for the principal lunar diurnal wave O 1 and the principal lunar and solar semidiurnal waves M 2 and S 2 , respectively. The diurnal declinational wave K 1 , however, is still too unstable to estimate reliably from GRACE owing to its long alias period of 7.5 years [Ray et al., 2003] .
Results
[9] Figure 1 shows results for the O 1 tidal constituent before and after the assimilation process. The mean mass anomalies resulting from our initial GRACE inversions (left column) are seen to be, as expected, a somewhat blurred representation of the final O 1 solutions (right column). (Note that both before and after diagrams are relative to our prior model.) The largest resulting O 1 amplitude adjustments are in the Weddell Sea, reaching 21 cm near 72°S, 54°W, and in the Ross Sea, reaching 18 cm near 74°S, 177°E. The latter location corresponds to the shallow Pennell Bank, where the bathymetry rises to about 400 m.
[10] In both the Weddell and Ross Seas the hydrodynamic elevation corrections exhibit an alternating pattern of shortwavelength highs and lows, suggestive of shelf waves propagating along the continental slope, as can be confirmed by examination of the corresponding current corrections (not shown). This underlines the critical role that assimilation plays in developing improved models with satellite gravity data. The large-scale mass anomalies (in Figure 1 , left) are of little benefit to any application other than satellite orbit determination or GRACE data reprocessing. Assimilation assures a hydrodynamically consistent final product, with scales appropriate to the true tidal waves.
[11] Figure 2 shows results for the M 2 constituent. There is hardly any adjustment in the Ross Sea region, but this reflects the unusually small amplitudes of M 2 there-an amphidrome in fact sits near the center of the ice shelf [MacAyeal, 1984] . In contrast, M 2 amplitudes are relatively large in the Weddell Sea region, and both pre-and post- 
Comparisons Against Independent Data
[12] To evaluate these solutions it is essential to compare with independent measurements. Aside from a few wellmaintained tide gauges (e.g., Faraday Base) independent measurements in this region tend to be sparse, gappy, and of short duration and are therefore somewhat problematic for testing purposes. Much of our available data are located on the major ice shelves, where tidal elevations have been extracted from gravimeter or GPS stations. The largest ice shelves appear to float freely on the underlying ocean tide except within a few km of the grounding zone [Fricker and Padman, 2006] .
Station Tide Measurements
[13] As a first test we use the compilation of Antarctic harmonic constants of King and Padman [2005] to test three tide models: our prior TPXO7.1, our assimilation solution, and FES2004 [Lyard et al., 2006] , which was selected because of its widespread adoption by the geodetic community. For this comparison we used only tide gauges with at least 29 days of data which are located within the 1 / 4°T PXO7.1 ocean grid and are poleward of 59.5°S. Of the 61 such gauges, 34 had been assimilated already in the global solution used for the prior, and 27 had not; 31 gauges were located in the Weddell Sea and 18 in the Ross Sea, with the remaining 12 distributed around the rest of Antarctica. Vector root mean square (RMS) differences were computed for the full tide gauge set, for the non-assimilated and assimilated gauges, and for each of the geographic subgroups. Results are shown in Table 1 . The GRACE assimilation solution is in best agreement with harmonic constants for all three constituents, whether all, or only the unassimilated, set of gauges are considered. There are even small reductions in RMS for the group of previously assimilated gauges for the two semi-diurnal constituents. Results for individual geographic areas are more variable, though the GRACE assimilation solution generally improves on both of the global solutions, sometimes significantly.
ICESat Laser Altimetry
[14] As a second test of our inversions we use ICESat laser altimeter data over the major Antarctic ice shelves. The RMS of crossover differences for this satellite (computed from elevation differences at intersections of ascending and descending arcs) has been shown to be sensitive to the model used to remove tidal variations from the altimetry [Padman and Fricker, 2005] .
[15] A set of laser altimeter crossover differences were formed from the first fourteen ICESat operational periods, each roughly 30 days in duration. Only intra-period crossovers are used here, although inter-period data could be somewhat more sensitive to the S 2 tide because of its long alias [Ray, 2008] . Data were corrected for detector saturation and were also adjusted for atmospheric loading based on an inverted barometer response (which was found to reduce crossover discrepancies). Outlier detection was based on several tests, before and after binning by geographic location, but as seen below this task was only partially successful. We use these crossovers to test the same three models compared against the tide gauges. Data are restricted to two zones: the Filchner and Ronne Ice Shelves (FRIS) and the Ross Ice Shelf (RIS). Other ice shelves of potential interest such as the Larsen and Amery have too few data for reliable statistics. For the FRIS and RIS we have 11,181 and 31,952 Table 2. crossovers, respectively; the latter is greater because it is closer to the pole where altimeter intersections are very dense.
[16] Figure 3 shows mean crossover differences, mapped in overlapping 3°(longitude) Â 0.5°(latitude) bins, for the FRIS region of the southern Weddell Sea. The charts are somewhat noisy, with small red patches suggesting ICESat outliers. However, closer examination of some of these patches suggests that tide model error is also a contributing cause; for example, just north of the Henry Ice Rise (80°S, 65°W) a preliminary tidal analysis of the ICESat altimetry suggests that both TPXO7 and FES2004 are in error by tens of cm. Aside from these localized patches, it is clear that our assimilated tidal solution results in improved crossover differences. Especially noticeable is the zone of reduced differences along the western and southern sides of Berkner Island, extending southwards all the way to the Ronne grounding zone. The FES2004 chart appears already superior to TPXO7 in part of that region, but it shows much larger tide errors along the entire southwest boundary of the ice shelf.
[17] A similar figure for the Ross Ice Shelf shows far less improvement from our assimilation, probably because the smallness of all semidiurnal tides implies that only our adjustment of O 1 is being tested. As Figure 1 shows, the O 1 adjustments over the RIS are fairly small-less than 5 cm in the in-phase component. Unfortunately, we have no test data for the much larger adjustments near Pennell Bank in the open Ross Sea.
[18] RMS crossover differences for both ice-shelf regions are tabulated in Table 2 . In keeping with Figure 3 the statistics indicate good improvement over the FRIS region from our GRACE assimilation, but less over the RIS. The relatively poorer performance of FES2004 over the RIS arises almost entirely from evident errors in their adopted ice shelf grounding line [see also Ray, 2008, Figure 4 ].
Conclusions
[19] Assimilation of the GRACE data into a tidal model was accomplished in two rather complex, but only loosely coupled stages: the range rate data were first fit to a spatially coarse model of periodic mass variations, and then the results were fit to a much higher resolution tidal model, constrained by the hydrodynamic equations. By using the full error covariance from the first stage to define the misfit norm for the assimilation, coupling between the two stages is improved-only the well resolved part of the mass anomaly parameter space is fit in the second stage.
[20] The shelf waves that can be clearly seen in the hydrodynamic correction for O 1 (Figure 1 ) have short spatial scales, which are already not well resolved by the parametrization of mass anomalies, or indeed by the GRACE data. Rather, such small-scale features result from the hydrodynamic equations, which the assimilation solution must satisfy (albeit approximately) while simultaneously reproducing the gravitational signal observed by GRACE. Fine scale details which are not directly constrained by the data, such as the exact phase of the shelf waves, may still be poorly determined and should probably be interpreted with some caution.
[21] However, comparisons with independent data clearly demonstrate that the GRACE data can now be used to constrain and improve hydrodynamic tidal models, at least at large scales, and for major constituents that are temporally resolved by the GRACE orbit. As the length of the mission increases further improvements can be expectede.g., it should soon be possible to obtain, and assimilate, stable solutions for K 1 , as well as smaller constituents such as N 2 , K 2 and P 1 . This additional source of tidal data will be particularly valuable at high latitudes where high quality altimetry data are lacking. 
